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On Permutation Groups of Finite Type∗
CLARA FRANCHI†
A permutation group G is said to be a group of finite type {k}, k a positive integer, if each non-
identity element of G has exactly k fixed points. We show that a group G can be faithfully represented
as an irredundant permutation group of finite type if and only if G has a non-trivial normal partition
such that each component has finite bounded index in its normalizer. An asymptotic structure theorem
for locally (soluble-by-finite) groups of finite type is proved. Finite sharp irredundant permutation
groups of finite type, not p-groups, are determined.
c© 2001 Academic Press
1. INTRODUCTION
Let G be a permutation group on a set  and let K be a set of non-negative integers. G is
called a (permutation) group of type K if the number fix(g) of fixed points of every non-
identity element g ∈ G belongs to K (actually G is a cofinitary group of type K ; see [4]). In
this paper we consider the case when |K | = 1. Note that each non-trivial permutation group
with k global fixed points and an arbitrary number of regular orbits is of type {k}. Moreover a
group of type {k} which has h ≤ k global fixed points is isomorphic to a group of type {k−h}.
We say that G is an irredundant (permutation) group of type {k} if G is a group of type {k}
without global fixed points and regular orbits. Moreover we say that a group is of finite type
if it is a permutation group of type {k} for some positive integer k.
A partition of a group G is a set of non-trivial subgroups of G such that each non-identity
element of G belongs to exactly one of these subgroups; the elements of a partition are called
components. A partition is non-trivial if it has more than one component. For basic concepts
and results on groups with partition we refer to [25]. In particular, recall that a partition pi of
a group G is normal if X g ∈ pi for each X ∈ pi , g ∈ G. It is not hard to see that if a group
G has a non-trivial partition, then it also has a non-trivial normal partition (see [15, 25]).
Finite groups with a non-trivial partition have been classified by Baer and Suzuki (see [25] for
references), while very little is known in the infinite case. Particular classes of infinite groups
with a non-trivial partition have been studied by Kegel [15] and Kontorovicˇ [18].
In [13] Iwahori and Kondo proved that a finite group can be faithfully represented as an
irredundant group of finite type if and only if it has a non-trivial partition. We will prove that
the same result holds for any group.
THEOREM 1. Let G be a group. If G is an irredundant group of type {k}, then G has a
non-trivial normal partition pi such that |NG(X) : X | divides k! for each X ∈ pi . Conversely,
if G has a non-trivial normal partition pi such that |NG(X) : X | divides a positive integer m
for each X ∈ pi , then G can be faithfully represented as an irredundant group of type {m}.
Let pi be a partition of a group G. We say that pi is an f-partition if |NG(X) : X | is finite
for each X ∈ pi . We say that pi is an f-partition of (finite) type m if |NG(X) : X | divides the
positive integer m for each X ∈ pi . Theorem 1 states that a group can be faithfully represented
as an irredundant group of finite type if and only if it has a non-trivial normal f-partition of
finite type. If G is a finite group, then each partition of G is an f-partition of type |G|. On the
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other hand, a nilpotent group with a non-trivial normal f-partition is finite (see Lemma 2).
Non-nilpotent infinite groups with a non-trivial normal f-partition exist; the set of the cyclic
maximal subgroups of the infinite dihedral group D∞ is a non-trivial normal f-partition of
type 2 of D∞. Another example is the group P SU (2,C): a non-trivial normal f-partition of
type 2 consists of the set of the conjugates of the subgroup of the diagonal matrices (see
Section 3 for further details). In Section 2 a group with a non-trivial normal f-partition which
is not of finite type is constructed.
Note that a finite group G cannot have a non-trivial f-partition of type 1 since G cannot
be the union of its proper subgroups H which are T.I. sets and such that NG(H) = H . On
the contrary, infinite groups with a non-trivial f-partition of type 1 do exist. Let G be a free
group or the free Burnside group B(m, n) of exponent n with m generators, m > 1. If n is
a sufficiently large odd number, then G is infinite (see [1, Chapter VI]); the cyclic maximal
subgroups H are such that NG(H) = H and they form a non-trivial normal partition of G.
Furthermore, by [18], a free product of groups admits a non-trivial normal f-partition of type 2,
which is also of type 1 provided the free factors do not contain elements of order 2. Note that
if the free factors contain periodic elements, then the free product has both periodic and non-
periodic elements.
In Section 2 we obtain some properties of infinite groups with a non-trivial normal
f-partition. In particular, we characterize locally finite groups and locally nilpotent groups
with a non-trivial normal f-partition (Theorem 3 and Corollary 1) and we show that in lo-
cally (soluble-by-finite) groups a non-trivial normal f-partition is actually an f-partition of
finite type.
In Section 3 we study in which way the number k influences the structure of a permutation
group of type {k}. Note that if the group is finite, k is the value assumed by the permutation
character on non-identity elements. Cameron [3] has proved that for each positive integer k
the list of all locally finite permutation groups of type {k} which do not have a fixed set of
size k is finite and consists of finite groups. Moreover, if G is a finite group of type {k} with
a fixed set 1 of size k and G acts non-trivially on 1, then G1 is nilpotent. However in [3]
there is not an explicit description of the above list. In our Theorem 4 we extend Cameron’s
result to locally (soluble-by-finite) irredundant permutation groups of type {k}, giving also an
explicit description of irredundant groups of type {k} which do not have a fixed set of size k.
As a corollary to Theorem 4 we obtain an explicit upper bound for the order of the groups of
type {k} which do not have a fixed set of size k (thus answering a question posed in [3]).
THEOREM 5. Let G be a finite group of type {k}. If G has no fixed set of size k, then
|G| ≤ max{60, k!k(k!k − 1)}.
Another immediate consequence of Theorems 1, 3 and 4 is the following description of
infinite locally finite irredundant permutation groups of type {k}. Recall that in a group G the
Hughes subgroup Hp(G), p a prime, is defined by setting Hp(G) = 〈g ∈ G | g p 6= 1〉.
THEOREM 6. Let G be an infinite locally finite irredundant group of type {k}. Then either:
(i) G is a Frobenius group such that the Frobenius kernel is nilpotent with class bounded
by a function of k and the Frobenius complement is finite of order at most k!; or
(ii) there exists a prime number p ≤ k such that the Hughes subgroup Hp(G) is a proper
non-trivial nilpotent subgroup of index p whose nilpotency class is bounded by a func-
tion of k.
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Section 4 is devoted to sharp irredundant groups of type {k}. The notion of ‘sharp permu-
tation group’ has been introduced by Deza [5]. Let G be a permutation group of type {k} of
finite degree n. Then if m is the number of orbits of G, by the Orbit Counting Lemma [4,
Theorem 2.2], (m − k)|G| = n − k. G is called a sharp permutation group of type {k} if
|G| = n − k. Trivially, a permutation group of type {k} is sharp if and only if it has k + 1
orbits. A sharp irredundant group of type {k} is a sharp permutation group of type {k} which
is also irredundant. We characterize the finite groups, not p-groups, which can be faithfully
represented as sharp irredundant groups of finite type. We have only partial results when G is
a finite p-group.
Recall that, if G is a permutation group on a set, for each x, y ∈ G the Hamming distance
d(x, y) is the number of points of  which are moved by xy−1. The group G is called an
equidistant permutation group with Hamming distance d , d a positive integer, if each pair of
distinct elements of G has the same finite Hamming distance d. By a theorem of Praeger [23,
Theorem 1], an equidistant permutation group is finite. Thus it has finite degree, provided
it has finitely many global fixed points. Now a permutation group G with finite degree n
is a group of type {k} if and only if it is an equidistant permutation group with Hamming
distance n − k. Therefore any equidistant permutation group with finite Hamming distance
and a finite number of global fixed points is a finite group of finite type. In Section 5 we obtain
best possible bounds in terms of d for the degree and the number of orbits of an equidistant
permutation group G with Hamming distance d and a finite number of global fixed points.
Thus we improve, in the particular case of equidistant permutation groups, the results in [23].
Our bounds are as follows.
THEOREM 10. Let G be an equidistant permutation group with Hamming distance d. If G
has no global fixed points, then G has finite degree. Moreover:
(i) the order of G divides d;
(ii) the degree of G is at most 2d − 2;
(iii) the number of orbits of G is at most d − 1.
In particular if G is transitive, then |G| = d and G is regular.
2. GROUPS WITH A NON-TRIVIAL NORMAL f-PARTITION
In this section we consider mostly infinite groups with a non-trivial normal f-partition. Let pi
be a normal f-partition of a group G. For each X ∈ pi and g ∈ G we have that X g ∈ pi and so
either X g = X or X g∩X = 1. Therefore NG(S) ≤ NG(X) for each 1 6= S ≤ X . In particular,
if H is a subgroup of G, for each X ∈ pi such that X∩H 6= 1 we have NH (X∩H) ≤ NG(X);
so |NH (X ∩ H) : (X ∩ H)| divides |NG(X) : X |. Hence pi induces on H a normal f-partition;
furthermore, if pi is of type m, then the partition induced on H is of type m as well.
LEMMA 1. Let G be a group and let pi be a non-trivial normal f-partition of G. If a, b ∈ G
belong to distinct components of pi , then CG(〈a, b〉) is finite. In particular, if G has a non-
trivial abelian or finite normal subgroup A such that no component of pi contains A, then G
is finite.
PROOF. Let X, Y be distinct components of pi such that a ∈ X , b ∈ Y and set C =
CG(〈a, b〉). Since pi is a normal partition, C ≤ NG(〈a〉) ≤ NG(X) and C ≤ NG(〈b〉) ≤
NG(Y ). Hence |C : C ∩ X | and |C : C ∩ Y | are finite and so since X ∩ Y = 1, C is finite.
Furthermore, if A is a non-trivial abelian or finite normal subgroup of G such that no com-
ponent of pi contains A, we can suppose that a and b are elements of A. Then CG(A) ≤
CG(〈a, b〉) is finite. Thus if A is abelian, then it is also finite and |G : CG(A)| is finite.
Therefore G is finite. 2
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LEMMA 2. A nilpotent group with a non-trivial normal f-partition is a finite p-group with
proper Hughes subgroup.
PROOF. Let G be a nilpotent group and let pi be a non-trivial normal f-partition of G. Since
Z(G) 6= 1, pi contains a component X such that X∩Z(G) 6= 1, and so X is normal in G. Then
X has finite index in G and each Y ∈ pi , Y 6= X , is finite. Consequently NG(Y ) is finite. Since
Z(G) ≤ NG(Y ), Z(G) is finite and thus by a well known result of Dixmier (cf. 5.2.22 of [24])
G is periodic. Moreover, there exists an element y ∈ G \ X such that CG(y) is finite. Now
suppose that Zi (G) is finite, for some i ≥ 1. Let H be a finitely generated subgroup of G such
that Zi (G) ≤ H ≤ Zi+1(G). Then H is finite. Moreover, H/Zi (G) = CH/Zi (G)(y Zi (G))
and by a result of Khukhro [17, Theorem 1.6.1], |CH/Zi (G)(y Zi (G))| ≤ |CG(y)|. It follows
that each finitely generated subgroup H such that Zi (G) ≤ H ≤ Zi+1(G) has bounded order
and hence Zi+1(G) is finite. Since G is nilpotent, by a recursive argument we find that G is
finite. Finally [25, Lemma 3.5.2] implies that G is a p-group with proper Hughes subgroup. 2
Let n be a positive integer and let ϕ be an automorphism of a group G. ϕ is called a
splitting automorphism of order n if ϕn = 1 and xxϕ · · · xϕn−1 = 1 for each x ∈ G
(see [17]). Note that ϕ can be the identity automorphism. Note also that CG(ϕ) has finite
exponent dividing n. Let X be a proper normal subgroup of a group G and let ϕ be an el-
ement of G such that G = 〈X, ϕ〉. Since for any elements x, y in any group the identity
(xy−1)n = xx y · · · x yn−1 y−n holds, we have that if each element g ∈ G \ X has order di-
viding n, then ϕn = 1 and xxϕ · · · xϕn−1 = 1 for each x ∈ X ; that is, ϕ acts by conjugation
on X as a splitting automorphism of order n. In particular, if n is a prime number p, then
an automorphism ϕ of a group G is a splitting automorphism of order p if ϕ p = 1 and
xxϕ · · · xϕ p−1 = 1 for each x ∈ G. Then CG(ϕ) is either trivial or of exponent p. Moreover
if G = 〈X, ϕ〉, where X is a proper normal subgroup of G, then each element of G \ X has
order p if and only if ϕ acts by conjugation on X as a splitting automorphism of order p.
Now let pi be a non-trivial normal f-partition of a group G and let X be a component of pi .
Since X is an isolated subgroup of G (that is X ∩ C 6= 1 implies C ≤ X for each cyclic
subgroup C of G) and |NG(X) : X | is finite, we have that each element of NG(X) \ X is
periodic. Thus in particular if G is a torsion-free group, then NG(X) = X for each X ∈ pi
and hence pi is of type 1. If we assume that NG(X) > X , then for each prime p dividing
|NG(X) : X |, there exists a subgroup X < S ≤ NG(X) such that each element of S \ X has
order p. Hence X has a splitting automorphism of prime order p. The existence of such an
automorphism constitutes a rather strong restriction on X , as Theorems 2 and 3 below show.
Recall that if pi is a partition of a group G, a subgroup H is called pi -admissible if for each
X ∈ pi either X ≤ H or X ∩ H = 1.
LEMMA 3. Let G be an infinite soluble-by-finite group with a non-trivial normal
f-partition pi . Then G is nilpotent-by-finite and the Fitting subgroup F(G) belongs to pi .
PROOF. Let G be an infinite soluble-by-finite group and let pi be a non-trivial normal
f-partition of G. Since G is infinite and soluble-by-finite, G has a non-trivial normal abelian
subgroup A. Lemma 1 implies that there exists a component X ∈ pi such that A ≤ X . Thus X
is normal in G and |G : X | is finite. Moreover, by the previous remark, there exists an element
ϕ ∈ G which acts on X as a splitting automorphism of order p for some prime p. Let R be
a characteristic soluble subgroup of X with finite index. Then ϕ induces a splitting automor-
phism of order p on X/R and so from a theorem of Kegel [14] it follows that X/R is nilpotent.
Therefore X is soluble and thus it is nilpotent by [17, Corollary 6.4.2]. Hence F(G) ≥ X and
F(G) is nilpotent. If F(G) > X , then pi induces a non-trivial normal f-partition on F(G) and
so it is finite by Lemma 2. This is a contradiction since G is infinite. Therefore F(G) = X . 2
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Recall that if G is a locally finite group with proper Hughes subgroup Hp(G), and G is not
a p-group, then |G : Hp(G)| = p and Hp(G) is locally nilpotent (see [8, 14, 15]).
THEOREM 2. Let G be an infinite locally (soluble-by-finite) group with a non-trivial nor-
mal f-partition pi . Then pi is of finite type, say m, the Fitting subgroup F(G) of G belongs
to pi , |G : F(G)| divides m and F(G) is nilpotent with class bounded by a function of m.
Moreover, one of the following holds:
(i) each element of G \ F(G) acts regularly by conjugation on F(G);
(ii) F(G) = Hp(G) for some prime p, |G : F(G)| = p and the p-component of F(G) is a
Chernikov p-group.
PROOF. Let G be an infinite locally (soluble-by-finite) group and let pi be a non-trivial
normal f-partition of G. Note that a finitely generated periodic subgroup of G is finite.
(a) If G is a p-group, for some prime p, then G is a Chernikov group, F(G) = Hp(G) ∈ pi
and |G : F(G)| = p.
Assume that G is a p-group. Note that for each element 1 6= x ∈ G, we have CG(x) ≤
NG(Xx ), where Xx is the component of pi containing x . Moreover, a locally finite p-group
satisfies the minimal condition on subgroups (and thus is a Chernikov group) provided it
contains an element of order p with finite centralizer [16, Corollary 3.2]. Therefore, since if S
is a finite component, then NG(S) is finite as well, to prove that G is a Chernikov group it is
sufficient to show that G contains some finite component. Actually we prove that an infinite
component of pi is normal in G, so that pi contains at most one infinite component. So let
X ∈ pi be infinite and let E be a finite subgroup of G not contained in X such that X ∩ E 6= 1.
Then E is nilpotent and hence NE (X ∩ E) > X ∩ E . Since NE (X ∩ E) ≤ NG(X), we have
NG(X) > X . Then NG(X) has a non-trivial normal f-partition with normal component X .
Therefore, by the previous observations NG(X) is a Chernikov group. Since X is infinite, it
follows that G has infinite exponent and thus Hp(G) is non-trivial. Moreover, X∩Hp(G) 6= 1.
Now by Lemma 2, pi induces a trivial partition on each subgroup of Hp(G) generated by a
finite number of elements of order greater than p, and so it induces a trivial partition on
Hp(G). Hence Hp(G) ≤ X . Thus X is normal in G and G is a Chernikov p-group. Then G
is soluble and Lemma 3 yields that X = F(G).
Now note that if |G : Hp(G)| ≥ p2, then G has at least two normal subgroups M, N
containing Hp(G) and of index p. Since each element of G \ Hp(G) has order p, M and N
are soluble groups with a splitting automorphism of order p and so they are nilpotent by [17,
Corollary 6.4.2]. Therefore G = M N is nilpotent and thus finite by Lemma 2: a contradiction.
Hence |G : Hp(G)| = p and F(G) = X = Hp(G).
(b) pi contains a component X which is an infinite locally nilpotent normal subgroup of G.
Note that such a component has finite index in G, and hence it is unique.
Assume first that G is an infinite locally finite group. We claim that G has a non-trivial
Hirsch–Plotkin radical. Suppose by contradiction that the Hirsch–Plotkin radical of G is triv-
ial. Then by [15] G is isomorphic either to PGL(2, K ), or to P SL(2, K ), or to Sz(K ), where
K is a suitable infinite locally finite field of characteristic p. Moreover G = ⋃i∈N Gi where{Gi }i∈N is an ascending chain of finite subgroups isomorphic to PGL(2, Ki ), P SL(2, Ki ),
and Sz(Ki ), respectively, and {Ki }i∈N is an ascending chain of finite subfields of K . From
the structure of the groups PGL(2, Ki ), P SL(2, Ki ), and Sz(Ki ) (see [9, ?]) it follows that
a Sylow p-subgroup P of G is a nilpotent infinite pi -admissible subgroup of G. Lemma 2
implies that P ∈ pi . On the other hand, P ∩ Gi is a Sylow p-subgroup of Gi , for each i ∈ N,
and thus by [9, 10] we have (|Ki | − 1)/2 ≤ |NGi (P ∩ Gi ) : (P ∩ Gi )| ≤ |NG(P) : P|.
Therefore |NG(P) : P| is infinite and we obtain a contradiction. Hence G is a locally finite
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group with a non-trivial partition and non-trivial Hirsch–Plotkin radical. If G is a p-group,
then by (a) X = F(G). If G is a Frobenius group, its kernel K is a nilpotent pi -admissible
subgroup of G (see [15, Lemma 1.1] and [2, Satz 4.1]) and thus K ∈ pi by Lemma 2. Then
X = K . If G is neither a p-group nor a Frobenius group, then by [15], |G : Hp(G)| = p for
a suitable prime p and Hp(G) is locally nilpotent by [15, Lemma 1.2]. Since Hp(G) has no
non-trivial partitions, we find that Hp(G) ∈ pi and thus X = Hp(G).
Now suppose that G is non-periodic. Let H be an infinite finitely generated subgroup of G
on which pi induces a non-trivial partition. Then H is an infinite soluble-by-finite group, and
so by Lemma 3, H is nilpotent-by-finite and F(H) is an element of the partition induced on H
by pi . Therefore there exists a component X ∈ pi such that F(H) = X ∩ H . Let us show that
X is locally nilpotent and normal in G. Let K be a finitely generated subgroup containing H .
Then the argument used above for H yields that F(K ) = Y ∩ K for some Y ∈ pi . If Y 6= X ,
then Y ∩ H = F(K ) ∩ H ≤ F(H) = X ∩ H and so Y ∩ H = 1. Since F(K ) has finite
index in K by Lemma 3, it follows that H is finite: a contradiction. Therefore F(K ) = X ∩K
for each finitely generated subgroup K ≥ H . Now let L be a finitely generated subgroup of
X and choose K = 〈H, L〉. Then L ≤ X ∩ K = F(K ) is nilpotent. Hence X is locally
nilpotent. On the other hand, for each x ∈ X and g ∈ G, if we set K = 〈H, x, g〉 we have
that x ∈ X ∩ K = F(K ) and so [x, g] ∈ X ∩ K ≤ X . Thus X is normal in G.
(c) If there is an element of G \ X which does not act regularly on X, then |G : X | = p for
some prime p and the p-component of X is a non-trivial Chernikov group.
First of all we show that if g ∈ G \ X is such that CX (gα) 6= 1 for some 0 < α < |g|,
then g has order p for some prime p and the p-component Tp of X is a non-trivial Chernikov
p-group. Let 1 6= x ∈ CX (gα) and suppose by contradiction that the order of g is not a prime.
Now x has finite order and x and g belong to distinct components of pi : therefore, by [25,
Lemma 3.5.2], it must be gx 6= g. Since NX (〈g〉) = CX (g), it follows that 〈gx 〉 6= 〈g〉. Then
since gα ∈ 〈gx 〉 ∩ 〈g〉, there exists a component S ∈ pi , S 6= X , such that S ≥ 〈gx , g〉 > 〈g〉:
thus we have the contradiction 1 6= [g, x] ∈ X ∩ S = 1. Hence g has prime order p. Then
CX (gα) is a group of exponent p and Tp is non-trivial. Moreover, 〈Tp, g〉 is a locally finite
p-group with a non-trivial normal f-partition and so by (a) Tp is a Chernikov group.
Now suppose that there is an element of G \ X which does not act regularly on X . If G
is locally finite, then from (a) and from the choice of X in (b), it follows that |G : X | = p
for some prime p and by the previous paragraph we are done. Therefore we may assume
that G is non-periodic. In this case we first prove that G/X is isomorphic to a Frobenius
complement of a finite Frobenius group. Note that since |G : X | is finite, X is non-periodic.
Let T be the torsion subgroup of X . Choose a non-periodic finitely generated subgroup H
of G in such a way that it contains a transversal of X in G. Then H/H ∩ X ' G/X and
since X is locally nilpotent, H ∩ X is a non-periodic finitely generated nilpotent group.
Thus for each prime q we have that H ∩ X > (H ∩ T )(H ∩ X)q . If q does not divide
|G/X |, then each element of H \ (H ∩ X) induces on (H ∩ X)/(H ∩ T )(H ∩ X)q a
regular automorphism, since otherwise we could find an element g ∈ G \ X such that
〈g〉 ∩ X 6= 1. So H/(H ∩ T )(H ∩ X)q is a finite Frobenius group with kernel (H ∩
X)/(H ∩ T )(H ∩ X)q and complement isomorphic to G/X , as claimed. Now by hypoth-
esis there is an element of G \ X which does not act regularly on X . Then by what we
have seen above, it has prime order p for some prime p and Tp 6= 1. Suppose by contra-
diction that G/X contains an element of order different from p. Then by the structure of
the complements of finite Frobenius groups (see [22]), G/X contains an element of order
pq, q a prime (note that it may be q = p). Then there is an element y ∈ G \ X of order
pq. Thus 〈Tp, yq〉 is a locally finite p-group and so CT (yq) 6= 1. Thus, by the previous
paragraph, y has prime order: a contradiction. Therefore G/X is a p-group of exponent p
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and thus it is cyclic by the structure of the complements of finite Frobenius groups. Hence
|G : X | = p.
(d) pi is of finite type.
It is enough to show that there exists a positive integer n such that |NG(Y ) : Y | ≤ n for
each Y ∈ pi . Let X be the unique infinite locally nilpotent normal component of pi and let
Y be a component of pi with Y 6= X . Then NX (Y ) = CX (Y ) ≤ CX (y) for each y ∈ Y .
Thus |NG(Y ) : Y | ≤ |G : X | |CX (Y )|. If each element of G \ X acts regularly on X ,
then CX (Y ) = 1 and therefore we are done, with n = |G : X |. If CX (Y ) 6= 1, then by
(c), |G : X | = p for some prime p and the p-component of X is a Chernikov p-group.
Thus each element y ∈ Y induces on X a splitting automorphism of order p and hence
CX (y) ≤ 〈x | x ∈ Tp, x p = 1〉 = 1(Tp). Now 1(Tp) is finite since Tp is a nilpotent
Chernikov group: hence |NG(Y ) : Y | ≤ |G : X | |1(Tp)| and pi is of finite type.
(e) If m is the type of pi , then |G : F(G)| divides m, F(G) = X ∈ pi and it is nilpotent with
class bounded by a function of m.
Let m be the type of pi . Then since X is normal in G, by definition |G : X | divides m. Let
g ∈ G \ X be an element of prime order p. Then g induces on X/Tp a regular automorphism
of order p and thus by a theorem of Higman [6], X/Tp is nilpotent with class bounded by the
Higman’s function h(p). On the other hand, if Y ∈ pi is the component containing g, then
|CX (g)| ≤ |X ∩ NG(Y )| ≤ |NG(Y ) : Y | ≤ m. Thus the group 〈Tp, g〉 is a locally finite p-
group in which there is a centralizer of an element of order p which is finite of order at most
m; so by [17, Corollary 5.2.6], Tp has a normal subgroup whose index and nilpotency class
are bounded by functions of p and m. Therefore X is soluble with derived length bounded
by a function of p and m. Then [17, Corollary 6.4.2] implies that X is nilpotent with class
bounded by a function of p and m: f (p,m). Thus, since p divides m, the nilpotency class of
X is at most the maximum f (m) of all the values f (p,m), when p varies in the set of prime
divisors of m. Finally, by Lemma 3, F(G) = X ∈ pi . 2
THEOREM 3. Let G be an infinite locally finite group. Then G has a non-trivial normal
f-partition pi if and only if one of the following holds:
(i) G is a Frobenius group with finite Frobenius complement. In this case pi consists of the
Frobenius kernel and of the Frobenius complements of G;
(ii) G has nilpotent Fitting subgroup F(G), F(G) = Hp(G) for some prime p, |G :
Hp(G)| = p and the p-component of Hp(G) is a Chernikov group. In this case pi
consists of Hp(G) and of the cyclic subgroups not contained in Hp(G).
Moreover pi is an f-partition of finite type.
PROOF. If G is an infinite locally finite group with a non-trivial normal f-partition pi , then
by Theorem 2, pi is of finite type and (i) or (i i) holds. Conversely, assume that G is a locally
finite group as in (i) or (i i). Then G has a non-trivial normal f-partition pi . The argument used
in point (d) of the proof of Theorem 2 shows that pi is of finite type. 2
Since each finitely generated subgroup of a locally nilpotent group with a non-trivial normal
f-partition is contained in a finitely generated subgroup with a non-trivial normal f-partition,
Lemma 2 yields that a locally nilpotent group with a non-trivial normal f-partition is locally
finite. Therefore as a consequence of Theorem 3 we have the following corollary.
COROLLARY 1. An infinite locally nilpotent group G has a non-trivial normal f-partition
pi if and only if it is a Chernikov p-group such that F(G) = Hp(G) and |G : F(G)| = p. In
such a case pi is of finite type.
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Note that, as we observed in the Introduction, a free group has a non-trivial normal f-partition
of type 1. Therefore a non-trivial normal f-partition of a group G need not contain a compo-
nent which is normal in G. Moreover a normal component, if it exists, need not even be
soluble. In fact, if N is a normal subgroup of index p of the free Burnside group B(m, p),
m > 1, where p is a sufficiently large prime (such a subgroup exists since B(m, p)/B(m, p)′
is an elementary abelian p-group of order pm), then N together with the cyclic subgroups not
contained in N form a non-trivial normal f-partition of B(m, p); N is a normal component and
it is not soluble. Therefore the conclusions of Theorem 2 do not hold in general, even in resid-
ually finite groups. Nevertheless, if we require that the Hirsch–Plotkin radical is non-trivial,
then we can extend Theorem 2 to a wider class of groups, as in the following proposition.
PROPOSITION 1. Let G be a group with a non-trivial normal f-partition pi . Suppose that
G has non-trivial Hirsch–Plotkin radical and that each finitely generated subgroup of G has
a descending normal series whose factors are abelian or finite. Then G is nilpotent-by-finite
and the same conclusions of Theorem 2 hold.
PROOF. Let G and pi be as in the statement. It is enough to prove that G is locally (soluble-
by-finite), since then we can apply Theorem 2. So we may assume that G is not locally finite.
Let H be an infinite finitely generated subgroup of G such that its Hirsch–Plotkin radical R is
non-trivial and the partition induced on H by pi is non-trivial. If pi induces on R a non-trivial
partition, then we can apply Corollary 1 to R, to find that H has a non-trivial normal abelian
subgroup A. Therefore by Lemma 1 either A or R are contained in a component X of the
partition induced on H by pi . So X is normal in H and of finite index. By the remarks before
Lemma 3, there exists an element ϕ ∈ H which induces a splitting automorphism of order p
on X , for some prime p.
Now as a finitely generated subgroup of G, H has a descending normal series whose factors
are abelian or finite. Thus X has a ϕ-invariant descending series of the same type. If L/M is a
finite factor of this series, then since ϕ induces on L/M a splitting automorphism of order p,
L/M is nilpotent by [14]. Hence X has a ϕ-invariant descending series with soluble factors.
Let l be the number of generators of X , and let K ≤ X be a ϕ-invariant normal subgroup of X
such that X/K is soluble. Then since ϕ induces on X/K a splitting automorphism of order p,
X/K is nilpotent by [17, Corollary 6.4.2]. Moreover its nilpotency class is bounded by a func-
tion of p and l by [17, Theorem 7.2.1]. Then X is residually nilpotent of bounded nilpotency
class. Hence X is nilpotent, H is nilpotent-by-finite and G is locally (soluble-by-finite). 2
Note that Kovacs [19, Theorem 3] proved that a locally residually hyperabelian group with
a splitting automorphism of order p is locally nilpotent. Thus, using the same argument of the
first paragraph of the proof of Proposition 1, one can prove that if G is a locally residually
hyperabelian group with a non-trivial normal f-partition pi and non-trivial Hirsch–Plotkin
radical, then G is nilpotent-by-finite and the conclusions of Theorem 2 hold.
We conclude this section with an example of a group with a non-trivial normal f-partition
which is not of finite type. Let 5 be an infinite set of primes. For each p ∈ 5, let G p be an
elementary abelian p-group of order p p; then let G be the free product of the G p, p ∈ 5.
From the structure of a free product (see [20]), it follows that the set of the cyclic maximal
subgroups of G is a non-trivial normal partition pi of G. Moreover, if X is a cyclic maximal
subgroup of G of finite order p, then X lies in a conjugate of G p and |NG(X) : X | = p p−1;
while |NG(X) : X | ≤ 2 if X is an infinite cyclic maximal subgroup of G. Therefore pi is an
f-partition, but it is not of finite type.
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3. GROUPS OF TYPE {k}
Let G be a group acting on a set . If S is a subset of  we set GS = {g ∈ G | sg = s
for each s ∈ S}. For each g ∈ G, fix(g) = {ω ∈  | ωg = ω} is the set of fixed points of g.
If H is a subgroup of G we denote by H = {ω ∈  | ωg = ω for each g ∈ H} = fix(H)
and by reg(H) the union of the regular orbits of H in . Moreover let I be a set and for each
i ∈ I let ρi be a permutation representation of a group G on a set i . We denote by ∑i∈I ρi
the permutation representation ρ of G on the disjoint union  = ⋃˙i∈Ii defined by setting
ωgρ = ωgρi if ω ∈ i . In particular, if ρi = ρ for each i = 1, . . . , n, we write nρ in the
place of
∑n
i=1 ρi . Finally, if H is a subgroup of a group G we denote by ρH the standard
permutation representation of G on the right cosets of H .
PROOF OF THEOREM 1. Let G be an irredundant group of type {k} on a set  and set
pi = {GS | S ⊆ , |S| = k,GS 6= 1}. Since G does not have k global fixed points, each
element of pi is a proper subgroup of G. Moreover each non-identity element g ∈ G fixes
exactly k points and so there exists a unique S ⊆ , |S| = k such that g ∈ GS . Therefore
pi is a non-trivial partition of G. Clearly it is also normal since GgS = GSg for each g ∈ G.
Moreover for each S ⊆ , |S| = k, we have that NG(GS)/GS acts faithfully on S and hence
|NG(GS) : GS| divides k!.
Conversely, let G be a group with a non-trivial normal partition pi such that for each X ∈ pi ,
|NG(X) : X | divides m, for some positive integer m (that is, pi is an f-partition of type m).
Let pi∗ ⊆ pi be a set of representatives of the orbits of the action of G on pi by conjugation.
For each X ∈ pi∗, let m X = |NG(X) : X | and set ρ = ∑X∈pi∗ mm X ρX . Then since Ker ρ =⋂
X∈pi∗KerρX =
⋂
X∈pi X = 1, ρ is a faithful representation of G. Moreover for each X ∈ pi ,
in the standard action ρX of G on the right cosets of X , a non-identity element g has exactly
m X fixed points if it lies in a conjugate of X , and none otherwise. Therefore it follows from
the definition that ρ represents G as an irredundant group of type {m}. 2
If G is an irredundant group of type {k} on a set , we call the partition pi defined in the
proof of Theorem 1 the standard partition of G associated to .
Note that if a non-trivial permutation group G of type {k}, k > 0, acts transitively on a
set , then it is an irredundant group of type {k} and the components of pi belong to a
single conjugacy class. Since a finite group cannot be the union of a single conjugacy class
of proper subgroups, finite transitive non-trivial groups of finite type do not exist. The group
P SU (2,C), in its natural action on the complex projective line, is an infinite transitive permu-
tation group of type {2} (see [4, p. 168]). The components of the standard partition associated
to this action are the conjugates of the subgroup of the diagonal matrices.
LEMMA 4. Let G be an irredundant group of type {k} on a set , and let H be a subgroup
of G. Then either H acts trivially on a subset of of size k and in such a case H is contained
in a component of pi, or H acts faithfully as an irredundant group of type {k − |H |} on a
subset 0 ⊆ . In the latter case the partition induced by pi on H coincides with pi0 .
PROOF. Let H be a subgroup of G such that H acts trivially on no subset of  of size k.
Note that if 1 6= g ∈ H acts trivially on  \ reg(H), then | \ reg(H)| = k, since g has
exactly k fixed points and it acts semiregularly on reg(H) by definition. Hence H itself acts
trivially on  \ reg(H), contradicting our assumption. Therefore H acts faithfully on the set
0 =  \ (H ∪ reg(H)) and clearly H acts on 0 as an irredundant group of type {k − |H |}.
The remaining facts can be easily checked. 2
Denote by L(k) the list consisting of the following groups:
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(i) Frobenius groups whose Frobenius kernel is a non-cyclic p-group of exponent p ≤ k
and order at most k!k;
(ii) P SL(2, q), q ≥ 4, where q is odd, k is even and either q ≤ 2k + 1 or q ≤ k2 − 1;
(iii) PGL(2, q), q ≥ 4, where q ≤ k2 and k is even;
(iv) S4;
(v) Suzuki groups Sz(q), q = 22m+1, m > 0, where q ≤ k and k is a multiple of 4.
The main result of this section is the following theorem.
THEOREM 4. If G is a locally (soluble-by-finite) irredundant group of type {k} on a set ,
then either G lies in the list L(k) or G has a fixed set 1 of size k and G1 is a normal nilpo-
tent subgroup of G with nilpotency class bounded by a function of k and such that |G : G1|
divides k!.
Note that L(2) = {A4, S4, A5} and by [11] a finite irredundant group of type {2} which
does not have a fixed set of size 2 belongs to L(2). On the contrary, by Theorem 4.1 in [12],
any finite irredundant group of type {3} has a fixed set of size 3, while L(3) is not empty.
Therefore in general for k > 2, the list L(k) is large.
For the proof of Theorem 4 we need the following lemma.
LEMMA 5. Let G be an irredundant group of type {k} on a set  and suppose that its
standard partition pi contains two normal components X, Y . Then G is finite of order at
most k!k.
PROOF. Let G be an irredundant group of type {k} on a set  and let X, Y be two normal
components of pi. By Lemma 4, H = XY is an irredundant group of type {l}, with l ≤ k,
on a subset 0 ⊆ , and X, Y ∈ pi0 . Let ω ∈ 0 be such that X ≤ StH (ω). If StH (ω) > X ,
then StH (ω)∩ Y 6= 1. This implies that Y ≤ StH (ω): a contradiction. Therefore X = StH (ω)
for some ω ∈ 0. Now X is normal in H and so the set 0X is H -invariant. It follows that the
H -orbit of ω is contained in 0X and thus |H : X | = |ωH | ≤ l ≤ k. Hence, since X ∩ Y = 1,
|Y | ≤ k. Since |G : Y | divides k! by Theorem 1, we have that |G| ≤ k!k. 2
PROOF OF THEOREM 4. Let G be a locally (soluble-by-finite) irredundant group of type
{k} on a set , and let pi be the standard partition associated to . If G is infinite, then the
theorem follows from Theorems 1 and 2. Therefore we may assume that G is finite. If pi
contains a component X which is normal in G, then G has a fixed set 1 of size k such that
G1 = X . By Theorem 1, |G : X | divides k! and X is nilpotent by a theorem of Kegel [14].
Thus point (e) of the proof of Theorem 2 proves that the class of X is bounded by a function
of k. Thus assume that G has no fixed set of size k and let us show that G belongs to L(k).
Since under this assumption no component of pi is normal in G, from the classification of
finite groups with a non-trivial partition (see Theorems 3.5.10 and 3.5.11 in [25]) we find that
G belongs to the following list:
(a) Suzuki groups Sz(q), q = 22m+1, m > 0;
(b) S4;
(c) P SL(2, q), q ≥ 4;
(d) PGL(2, q), q ≥ 4;
(e) Frobenius groups.
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We examine each case separately. Note that the action of G on  is equivalent to the action
associated to a representation of the form ρ =∑ri=1 aiρGi where ai are non-negative integers,
the Gi are the point stabilizers of the action on and Gi is not conjugate to G j if i 6= j . Note
also that since by definition each component of pi is the pointwise stabilizer of a subset of
size k of , we have that each Gi is a pi-admissible subgroup.
Case (a). Let G ' Sz(q), q = 22m+1, m > 0. Then G has a unique non-trivial partition
whose components are the conjugates of some subgroups F , B, U1, U2, such that F is a
Sylow 2-subgroup of G; B, U1, U2 are cyclic; NG(F) = F B, |B| = |NG(F) : F | = q − 1,
|NG(Ui ) : Ui | = 4 and |NG(B) : B| = 2 (see [10]). Therefore pi coincides with this
partition. By Remark 3.12(e) in [10], any subgroup of G is either isomorphic to some Sz(s),
where q is a power of s, or is conjugate to a subgroup of one of the subgroups F B, NG(U1),
NG(U2), NG(B). Let H be a non-trivial pi-admissible subgroup of G. Then H contains at
least one component of pi and so it is not isomorphic to some Sz(s). Moreover since each
component which intersects H non-trivially is contained in H , we have that H is conjugate to
one of the subgroups F , B, U1, U2, F B. Therefore only a conjugate of these subgroups can be
a point stabilizer in the action of G on. Thus ρ = a1ρF+a2ρB+a3ρU1+a4ρU2+a5ρF B , for
some non-negative integers ai , i = 1, . . . , 5. Let g be a non-identity element of G. Then in the
representation ρF , g has q−1 fixed points if its order is a power of 2 and none otherwise. In the
representation ρB , g has two fixed points if it belongs to a conjugate of B and none otherwise.
In the representation ρUi , i = 1, 2, g has four fixed points if it belongs to a conjugate of
Ui and none otherwise. In the representation ρF B , g has one fixed point if it belongs to a
conjugate of F , two fixed points if it belongs to a conjugate of B and none otherwise (see [10,
Theorem 3.3]). Since in the representation ρ, each non-identity element of G has exactly k
fixed points and the ai are non-negative integers, we find that k must be a multiple of 4 and
q ≤ k + 1. Since both q and k are even, q ≤ k and G ∈ L(k).
Case (b). Let G ' S4. Then G has a unique non-trivial normal partition whose components
are the cyclic maximal subgroups of G (see Theorem 3.5.9 in [25]). Let Z = 〈z〉 be a cyclic
maximal subgroup of G of order 4. Since fix(z) ⊆ fix(z2), z and z2 have the same fixed points.
Now z has at least one fixed point in the representation ρGi if and only if z is contained in a
conjugate of Gi ; that is, Gi is either a cyclic subgroup of order 4 or a Sylow 2-subgroup. If
S is a Sylow 2-subgroup, then in the representation ρS , z has only one fixed point while z2
has three fixed points. Therefore Gi cannot be a Sylow 2-subgroup. We may therefore assume
that G1 = Z . Thus z has two fixed points in the representation ρG1 and none in any other ρGi ,
i = 2, . . . , r . Therefore z has exactly 2a1 fixed points in  and k is even.
Case (c). Let G ' P SL(2, q), q = pn ≥ 4. Since if p = 2 then P SL(2, q) = PGL(2, q),
we assume here p > 2. From [9, Theorem 8.27] it follows that G has two cyclic subgroups
C1, C2 of order q+12 and
q−1
2 , respectively, such that |NG(Ci ) : Ci | = 2 , i = 1, 2 and each
component of pi is either conjugate to one of the Ci or is an elementary abelian p-group.
Moreover, if P is a Sylow p-subgroup of G, then P is an elementary abelian p-group of order
q and P is pi-admissible. If H is a pi-admissible subgroup of G containing C1, then from [9,
Theorem 8.27] it follows that H = C1. Therefore we may assume that G1 = C1; thus each
conjugate of G1 has trivial intersection with Gi for i = 2, . . . , r . Then a non-identity element
g ∈ G1 has two fixed points in the representation ρG1 and none in any other representation
ρGi , i = 2, . . . , r . Therefore g has exactly 2a1 fixed points in  and k is even. Furthermore
if P ∈ pi, then [9, Theorem 8.27] implies that the only pi-admissible subgroups of G are
the conjugates of the subgroups C1,C2, P, NG(P) = PC2. Thus ρ = a1ρC1 + a2ρC2 +
a3ρP + a4ρNG (P). A non-identity element g ∈ G, in the representation ρC2 , has two fixed
points if it belongs to a conjugate of C2 and none otherwise. In the representation ρP , g has
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(q − 1)/2 fixed points if it has order p and none otherwise. In the representation ρNG (P), g
has one fixed point if it has order p, two fixed points if it belongs to a conjugate of C2 and
none otherwise. Therefore, since the ai are non-negative integers, we find that q ≤ 2k + 1.
Finally if P 6∈ pi, then by Lemma 4, P acts as an irredundant group of type {l}, l ≤ k, on a
subset of. Thus, since a finite abelian irredundant group of type {l} has order at most l2 (see
Proposition 2.4 in [11]), we have that q = |P| ≤ k2. Since q is odd and k even, q ≤ k2 − 1
and G ∈ L(k).
Case (d). Let G ' PGL(2, q), q = pn ≥ 4. Then (see [9]) G has two cyclic subgroups
C1, C2 of order q + 1 and q − 1, respectively, such that |NG(Ci ) : Ci | = 2, i = 1, 2 and each
component of pi is either conjugate to one of the Ci or is an elementary abelian p-group. A
Sylow p-subgroup P of G is an elementary abelian p-group of order q. By proceeding as in
case (c) we find that k must be even and if P ∈ pi, then q ≤ k+ 1, while if P 6∈ pi, q ≤ k2.
Therefore in each case q ≤ k2 and G ∈ L(k).
Case (e). Let G be a Frobenius group with Frobenius kernel K . Then by Satz 4.1 in [2],
K is a normal nilpotent pi-admissible subgroup of G. Moreover since pi does not con-
tain any normal component, the remark at the beginning of Section 2 and the fact that K is
normal in G yield that no component of pi contains a non-trivial characteristic subgroup
of K . Hence in particular K 6∈ pi and the set of the components of pi which are con-
tained in K is a normal non-trivial partition of K . Since K is nilpotent, by Lemma 2, K is
a p-group with proper Hughes subgroup Hp(K ) < K , and there exists X ∈ pi such that
Hp(K ) ≤ X < K . Clearly Hp(K ) is characteristic in K , hence Hp(K ) = 1 and K has
exponent p. Furthermore there exist two components Y, Z ∈ pi such that Y, Z are contained
in K and Y ∩ Z(K ) 6= 1 6= Z ∩ Z(K ). Then Y, Z are normal in K . From Lemmas 4 and 5
it follows that |K | ≤ k!k. Finally note that the proof of Lemma 5 shows that |Y | ≤ k and so
p ≤ k. Hence G ∈ L(k). 2
PROOF OF THEOREM 5. Let G be a permutation group of type {k} on a set . The proof
of Lemma 4 actually shows that a subgroup H of G either acts trivially on a subset of size
k of , or acts faithfully as an irredundant group of type {l}, l ≤ k, on a subset 0 of . In
particular, if H = G, then either G has k global fixed points or it is an irredundant group of
type {l}with l = k−|G |. Hence if G has no fixed set of size k, then by Theorem 4, G ∈ L(l)
and thus |G| ≤ max{|H | | H ∈ L(l)} ≤ max{60, k!k(k!k − 1)}. 2
The conclusions of Theorem 4 do not hold in general for any irredundant group of finite
type. By what we observed after Corollary 1 in Section 2, the free Burnside group B(m, p),
m > 1, where p is a sufficiently large prime, has a non-trivial normal f-partition of type p with
a non-soluble normal component. Thus it can be faithfully represented as an irredundant group
of type {p} with a fixed set 1 of size p, but the stabilizer of 1 is not nilpotent. Free groups
and free product of groups can be faithfully represented as irredundant groups of type {1} or
{2}, respectively, without fixed sets of size equal to the type. Other examples of groups which
can be represented as irredundant groups of type {1} for which an analogue of Theorem 4
does not hold can be found in some groups constructed by Ol’shanskii (see Theorems 28.2
and 28.3 in [21]).
4. SHARP PERMUTATION GROUPS OF FINITE TYPE
In this section we study which finite groups with a non-trivial partition can be faithfully
represented as sharp irredundant groups of finite type.
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THEOREM 7. The following groups can be faithfully represented as sharp irredundant
groups of finite type:
(i) S4;
(ii) finite Frobenius groups;
(iii) Suzuki groups Sz(q), q = 22m+1, m > 0;
(iv) PGL(2, q), q ≥ 4;
(v) P SL(2, q), q ≥ 4.
PROOF. The notations are those of the proof of Theorem 4.
(i) Let G = S4. Let X, Y, Z be cyclic maximal subgroups of G of order 2, 3, 4, respectively.
Then |NG(X) : X | = |NG(Y ) : Y | = |NG(Z) : Z | = 2. By the proof of Theorem 1,
ρ = ρX + ρY + ρZ is a faithful representation of G as an irredundant group of type {2}
with three orbits, hence as a sharp irredundant group of type {2}.
(ii) Let G be a finite Frobenius group with Frobenius kernel K and Frobenius complement
H . Since NG(H) = H and K is normal in G, ρ = |G : K |ρH + ρK is a faithful
representation of G as a sharp irredundant group of type {|G : K |}.
(iii) Let G ' Sz(q), q = 22m+1, m > 0. Then a faithful representation of G as a sharp
irredundant group of type {q} is given by ρ = ρF B + ρF + (q/2 − 1)ρB + q/4ρU1 +
q/4ρU2 .
(iv) Let G ' PGL(2, q), q ≥ 4. Then |NG(P) : P| = q − 1, |NG(C1) : C1| = |NG(C2) :
C2| = 2. If q is odd, then ρ = ρP + (q − 1)/2ρC1 + (q − 1)/2ρC2 is a faithful
representation of G as a sharp irredundant group of type {q − 1}. If q is even, then
ρ = ρP + q/2ρC1 + (q/2− 1)ρC2 + ρNG (P) is a faithful representation of G as a sharp
irredundant group of type {q}.
(v) Let G ' P SL(2, q), q ≥ 4. Since if q is even P SL(2, q) ' PGL(2, q), we may
assume q odd. Then if q ≡ 1 mod 4, ρ = ρP+(q−1)/4ρC1+(q−1)/4ρC2 is a faithful
representation of G as a sharp irredundant group of type {(q − 1)/2}. If q 6≡ 1 mod 4,
then a faithful representation of G as a sharp irredundant group of type {(q + 1)/2} is
given by ρ = ρP + (q − 3)/4ρC1 + (q + 1)/4ρC2 + ρNG (P). 2
According to Theorems 3.5.10 and 3.5.11 in [25], it remains to consider only the case of
finite groups G with a subgroup 1 < N < G such that each element of G \ N has order p, for
some prime p. In such groups the Hughes subgroup is a proper subgroup contained in N .
Theorem 7 and Theorem 8 below characterize the finite groups, not p-groups, which can be
faithfully represented as sharp irredundant groups of finite type.
THEOREM 8. Let G be a finite group such that 1 6= Hp(G) < G and |G : Hp(G)| = p
for some prime p. Then G can be faithfully represented as a sharp irredundant group of finite
type if and only if |CHp(G)(g)| ≤ p, for each g ∈ G \ Hp(G).
PROOF. Let G be a finite group with proper non-trivial Hughes subgroup Hp(G) such that
|G : Hp(G)| = p. Set Hp(G) = H . Note that for each g ∈ G \ H , CH (g) is an elementary
abelian p-group (since g induces on H a splitting automorphism of order p). If CH (g) = 1
for some g ∈ G \ H , then the p-component of H is trivial and therefore G is a Frobenius
group with kernel H . Otherwise |CH (g)| ≥ p for each g ∈ G \ H .
Now let us assume that |CH (g)| ≤ p for each g ∈ G \ H . Then either G is a Frobenius
group, and so it has a faithful representation as a sharp irredundant permutation group of
finite type by Theorem 7, or |CH (g)| = p for each g ∈ G \ H . In the latter case, each
cyclic subgroup not contained in H has |G|/p2 conjugates. Since the number of the cyclic
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subgroups not contained in H is (|G|−|G|/p)/(p−1) = |G|/p, it follows that they split into
p conjugacy classes. Let C1, . . . ,C p be a set of representatives of these conjugacy classes.
Then |NG(Ci ) : Ci | = p for each i = 1, . . . , p and so ρ = ρC1 +· · ·+ρC p +ρH is a faithful
representation of G as a sharp irredundant group of type {p}.
Conversely, let G have a faithful representation as a sharp irredundant group of finite type
on a set  and suppose by contradiction that |CH (g)| > p, for some g ∈ G \ H . Since H has
no non-trivial partitions, G has a unique non-trivial partition; that is, the partition consisting
of H and of the cyclic subgroups of order p not contained in H . The standard partition pi
coincides with it. Moreover, by the initial remark, |CH (g)| ≥ p for each g ∈ G \ H , and so
the subgroups of order p not contained in H split into at least p + 1 conjugacy classes. Now
if S is the stabilizer of a point of, then it is a proper non-trivial pi-admissible subgroup and
hence it coincides with a component of pi. It follows that G acts on  with at least p + 1
orbits of size |H | and thus any non-identity element of H moves at least (1 + p)|H | > |G|
points, since H acts regularly on such orbits. A contradiction, since each non-identity element
of a sharp irredundant group moves exactly |G| points. 2
(Note that Theorem 8 can also be obtained as a corollary of [12, Proposition 2.1] and [11,
Theorem II].)
From Theorem 8 it follows that there exist finite groups with a non-trivial partition which
cannot be faithfully represented as sharp irredundant groups of finite type. For example, the
direct product of the dihedral group of order 8 with a group of order 2, or the wreath product
of two cyclic groups of order p, for p ≥ 3.
If G is a finite p-group with |G : Hp(G)| > p, we have not been able to determine
in general when it can be faithfully represented as a sharp irredundant group of finite type.
The next theorem shows that when G is an elementary abelian p-group then it is possible to
find such a representation (recall that a finite abelian group with a non-trivial partition is an
elementary abelian p-group).
THEOREM 9. Let G be a finite elementary abelian p-group of order pn , n ≥ 2. Then for
each positive integer m such that m divides n and m 6= n, G can be faithfully represented as
a sharp irredundant group of type {∑t−1i=1 q i}, where t = n/m and q = pm .
PROOF. Regard G as a vector space of dimension t over the field with q elements. Then
the set pi of the subspaces of dimension 1 is a non-trivial partition of G. Let M be the set
of the subspaces of codimension 1. Note that |pi | = |M| = ∑t−1i=0 q i . Set ρ = ∑M∈M ρM .
Then
⋂
M∈M M = 1 implies that ρ is a faithful representation of G. Moreover if 1 6= g ∈ G,
then g has q fixed points in the representation ρM if M ≥ X , where X is the element of pi
containing g and none otherwise. Since each element of pi is contained in exactly
∑t−2
i=0 q i
elements of M, it follows that ρ represents G as an irredundant group of type {∑t−1i=1 q i}.
Finally since ρ has degree
∑t
i=1 q i we obtain the result. 2
We remark that Theorems 8 and 9 give a complete characterization of finite 2-groups which
can be faithfully represented as sharp irredundant groups of finite type. In fact,
a finite 2-group G with a non-trivial partition either has exponent 2 and thus it is abelian,
or 1 6= H2(G) < G and in this case |G : H2(G)| = 2 by [7].
Note that a faithful representation of an elementary abelian p-group as a sharp irredundant
group of finite type need not be of the type constructed above in the proof of Theorem 9.
PROPOSITION 2. Let G be a finite elementary abelian p-group of order pn , n ≥ 2. Then
for each positive integer m such that m divides n and m 6= n, G can be faithfully represented
as a sharp irredundant group of type {q t−1} where t = n/m and q = pm .
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PROOF. Regard G as a vector space of dimension t over the field with q elements. Let G0
be a subspace of dimension 1 and let G1, . . . ,Gq t−1 be the complements of G0 in G. Each
element g ∈ G \ G0 is contained in ∑t−2i=0 q i subspaces of codimension 1 of G, and ∑t−3i=0 q i
of them also contain G0. Therefore the number of complements of G0 which contain g is∑t−2
i=0 q i −
∑t−3
i=0 q i = q t−2. Define ρ = ρG0 + · · · + ρGqt−1 . In the representation ρG0 , a
non-trivial element of G has q t−1 fixed points if it belongs to G0 and none otherwise; in the
representation ρGi , i = 1, . . . , q t−1, a non-trivial element of G has q fixed points if it belongs
to Gi and none otherwise. Therefore, ρ represents G as a sharp irredundant group of type
{q t−1}. 2
The next example shows an elementary abelian p-group with two non-equivalent faithful
representations as a sharp irredundant group of the same type. Let G be an elementary abelian
p-group of order p4 and let ρ1 be its faithful representation as a sharp irredundant group of
type {p3} given by Proposition 2. Now regard G as a vector space of dimension 2 over the
field with p2 elements and let H1, . . . , H1+p2 be the subspaces of dimension 1 of G. Then
Hi has order p2, for each i = 1, . . . , 1 + p2. Thus each Hi is contained in 1 + p maximal
subgroups of G, say Hi, j , j = 1, . . . , 1+ p. Define
ρ2 =
1+p∑
i=1
ρHi +
1+p2∑
i=2+p
1+p∑
j=1
ρHi, j .
Now let g be a non-trivial element of G. Since the set of the Hi is a partition of G, there is a
unique index i(g) such that Hi(g) contains g. If i(g) ≤ 1+ p, then, for each h > 1+ p, 〈Hh, g〉
is a maximal subgroup containing Hh and so in the representation ρ2, g has p2+ p(p2− p) =
p3 fixed points. If i(g) > 1+ p, then 〈Hh, g〉 is a maximal subgroup containing Hh for each
i(g) 6= h > 1 + p; moreover, g belongs to Hi(g), j for each j = 1, . . . , 1 + p. Therefore, in
such a case, in the representation ρ2, g has p[1 + p + 1 + p2 − (1 + p) − 1] = p3 fixed
points. Moreover the number of orbits is 1+ p+ (1+ p)(1+ p2−1− p) = 1+ p3. Hence ρ2
represents G as a sharp irredundant group of type {p3}. It is clear that the two representations
ρ1 and ρ2 are not equivalent.
5. BOUNDS FOR EQUIDISTANT PERMUTATION GROUPS
Let d be a positive integer and let G be an equidistant permutation group on a set , with
Hamming distance d . Thus, as we said in the Introduction, G is finite. Moreover, if G has
no global fixed points, the degree and the number of orbits of G are finite and bounded by
functions of d.
PROOF OF THEOREM 10. Let d be a positive integer and let G be an equidistant per-
mutation group with Hamming distance d , which has no global fixed points. Then G has
finite degree. Let n be the degree of G and let m be the number of orbits of G. Then each
non-trivial element of G has n − d fixed points and thus by the Orbit Counting Lemma,
(m−n+d)|G| = d . Hence |G| divides d and m = n−d+d/|G|. Let r be the number of regular
orbits of G and t the number of non-regular orbits of G. Then the sum of the lengths of regular
orbits of G is r |G|, and thus t ≤ (n− r |G|)/2. Hence n−d+d/|G|− r = t ≤ (n− r |G|)/2.
It follows that n ≤ 2d + r(2 − |G|) − 2d/|G|. Since G has no global fixed points, |G| > 1
and hence n ≤ 2d − 2. This proves (i i). Then m ≤ (2d − 2)/2 = d − 1 and (i i i) holds.
If G is transitive, then (1− n + d)|G| = d . Hence |G| = d = n and G is regular. 2
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Let G be an elementary abelian 2-group of order 2r and consider the representation of
G as a sharp irredundant group of type {2 + · · · + 2r−1} as given in Theorem 9. In this
representation G is an equidistant permutation group with Hamming distance d = |G| = 2r ,
degree 2+· · ·+2r = 2d−2, and number of orbits equal to 1+· · ·+2r−1 = d−1. Therefore
the bounds of Theorem 8 are met infinitely often. On the other hand, by arguing as in the
proof of Theorem 8, it is easy to see that an equidistant permutation group G with Hamming
distance d has degree 2d−2 if and only if it is a sharp permutation group of type {|G|−2}. In
such a case d = |G| and G is an elementary abelian 2-group since each orbit of G has order
2. Hence if d is not a power of 2, the degree of G is at most 2d − 3 and the number of orbits
is at most d − 2. We leave open the question whether these bounds are best possible.
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